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Abstract 

We show how to treat the constraints and reality conditions in the 5'0(3)-ADM 
(Ashtekar) formulation of general relativity, for the case of a vacuum spacetime with 
a cosmological constant. We clarify the difference between the reality conditions 
on the metric and on the triad. Assuming the triad reality condition, we find a 
new variable, allowing us to solve the gauge constraint equations and the reality 
conditions simultaneously. 
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1 Introduction 



The S'0(3)-ADM (Ashtekar) formalism of general relativity has many advantages in 
the treatment of gravity. In this formulation, the constraint equations are classified as the 
Hamiltonian constraint equation, Ch, and momentum constraint equations. Cm, with a 
new set of additional gauge constraint equations, Co- These constraints become low-order 
polynomials and do not contain the inverses of the variables. This formulation enables us 
to treat a quantum description of gravity nonperturbatively. 

In order to apply the Ashtekar formalism in classical general relativity, we need to solve 
the reality condition for the metric and the extrinsic curvature. In this paper, we show 
how to treat the constraints and reality conditions, for a vacuum spacetime with/without 
a cosmological constant. We stand on the point of pursuing the dynamics of spacetime, 
using evolutions of time-constant slices by fixing gauge (slicing) condition in each time 
step. After a brief review of the Ashtekar formulation (§2), we clarify the difference 
between the reality conditions on the metric and on the triad (§3). We show that the 
latter condition restricts a part of the gauge freedoms. 

Assuming the triad reality condition, we find a new variable, which allows us to solve 
Cg and the reality conditions simultaneously (§4). This technique is motivated by the 
works of Capovilla, Jacobson and Dell (CD J) and Barbero CD J discovered that 
in the vacuum spacetime the introduction of an arbitrary traceless and symmetric SO (3) 
tensor makes two constraints Ch and Cm trivial, leaving only the third constraint Cq to 
be solved, while Barbero developed a technique for making Ch and Co trivial. Our new 
variable is analogous to both CDJ's and Barbero's, but has advantage of clarifying the 
meaning of the additional constraint Co in terms of ADM variables. 

We use greek letters {fi,^, p, ■ ■ ■), which range over the four spacetime coordinates 
0, ■ ■ ■ , 3, while uppercase latin letters from the middle of the alphabet (/, J,K,-- ■) range 
over the four internal S0(l,3) indices (0), ■ ■ ■ , (3). Lower case latin indices from the middle 
of the alphabet k, ...) range over the three spatial indices 1, ■ ■ ■ , 3, while lower case 
latin indices from the beginning of the alphabet (a, 6, c, ...) range over the three internal 

SO (3) indices (1), ■ ■ ■ , (3)|^ We use volume forms eabc', ^abc^"''^'^ = 3!. 

§We raise and lower /x, v, p by g*^"^ and g^i, (Lorenzian metric); /, J, K by rj^'' = diag(— 1, 1,1,1) and 
Vij; hj, k by 7*-' and 7ij(3-nietric). 
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2 Brief review of the Ashtekar formulation 



The key feature of Ashtekar's formulation of general relativity ^ is the introduction of a 
self-dual connection as one of the basic dynamical variables. Let us write the metric 
using the tetrad, e^, and define its inverse, Ej, by g^u = e^^e^riij and E'^ := e'lg'^'^rjij. We 
define a S0(3,C) self-dual connection 

n 

Aa Oa a be 

\ ■= - 2^ bc^f^ ' (1) 

where uj/ is a spin connection 1-form (Ricci connection), 00^/ := E^'^'W ^e^. Note that 
the extrinsic curvature, Kij = — + nin'')'Vinj in the ADM formalism, where V is a 
covariant derivative on S, satisfies the relation —KijE^"- = u;?", when the gauge condition 
= is fixed. So is also expressed by 

At = -K^jE^"" - \e\,iJ't. (2) 

The lapse function, A^, and shift vector, A^*, are expressed as E^ = Ashtekar 
treated the set {A^, E^) as basic dynamical variables, where E'* is an inverse of the 

densitized triad defined by i?* := ei?*, and where e := det e" is a density. This pair forms 
the canonical set 

{E:ix),Eiiy)} = 0, (3a) 

{A^,{x),El{y)} = z6\S%6{x-y), (3b) 

{A\{x),A'Ay)} = 0. (3c) 



The Hilbert action takes the form 

S = l d'x[AtEi^ + '-NElElF^^e'^\ - 2AN det E - WF^^Ei + A^V^EH (4) 

where N := e~^N, A is cosmological constant, ViE^ := diE^^ — ie^f^'^A^El, and where F^^, is 
curvature 2-form, defined as := d^A^ — d^A'^^ — -^"'hd-^ ^ and detF is defined 

to be detF = ^e""^" eijkKElE^, where e^^fc := eabcete]el and eijk ■= e'^eij^. 
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Varying the action with respect to the non-dynamical variables N, and A'^ yields 
the constraint equations, 

BC i ~ ~ 

Ch = ^ = -e'^\E:ElF^^-2AdetE^0, (5a) 
dC 

Cm, = gjy- = -f;°J3J « 0, (5b) 

The equations of motion for the dynamical variables {A'^ and ED are 

A^ = -ie''\NEiF^^+N^Ffi + ViAl + 2eANel (6a) 
k = -iV,{e^\NElEl)+2V,{N^^E^})+tAle,:El, (6b) 

where P^Tf := d^T^^ - ie\^A^fr^^\ for T^^ + T^^ = 0. 

3 Reality conditions 

To ensure the metric is real-valued, we need to impose two conditions; the first is that 
the doubly densitized contravariant metric 7*-' := 6^7*-' is real, 

'^{E^E^"-) = 0, metric reality condition (7a) 

and the second condition is that the time derivative of 7*-' is real, 

'^{dt{ElE^"')} = 0. second metric reality condition (7b) 

We denote these condition the "metric reality condition" and the "second metric reality 
condition" (extrinsic curvature reality condition), hereafter. Ashtekar et al. [0 discovered 
that, with the second metric reality condition (|7ED, the reality of the 3-metric and extrin- 
sic curvature are automatically preserved under time evolution, as a consequence of the 
equations of motion. This means we need only solve both reality conditions ([7a|) and ( [75|) 
on the initial hypersurface. Immirzi]^ found that the reality conditions are consistent 
with the constraints, making the theory equivalent to Einstein's. 

Using the equations of motion for E]^ (|6E|), the gauge constraint ( |5^ ) and the first 
reality condition ([7a|), we can replace the second reality condition ( [7b|) with a different 
constraint (see Appendix) 

W'^ := ^{e^^'E^Ei^VkEl^) ^ 0, (8) 



which fixes six components of A'^ and E^. Moreover, in order to recover the original lapse 
function := Ne, we demand Q{N/e) = 0, i.e. the density e be real and positive. This 
requires that be positive, i.e. 

det^ > 0. (9a) 

Note that the metric reality conditions only guarantee the reality of e^. The secondary 
condition of 



^[at(detE)] = 0, (9b) 
is automatically satisfied as a consequence of the equations of motion for E^ (|6BD , the 



gauge constraint (|5^), the metric reality conditions ([7a|), ( [TED ^^'^ ^^e first condition 



(pap (see Appendix). Therefore, in order to ensure that e is real, we only require 
Note that this condition does not remove any degrees of freedom for the variables and is 
analogous to making the implicit assumption of det > in the ADM formulation. 

We now show that rather stronger reality conditions are useful in Ashtekar's formalism 
for recovering the real 3-metric and extrinsic curvature. These conditions are 

'^{ED = first triad reality condition (10a) 
and '^{Ei) = 0, second triad reality condition (10b) 

and we denote them the "first triad reality condition" and the "second triad reality 
condition", hereafter. Using the equations of motion of E^, the gauge constraint (^, the 
metric reality conditions (^), ( fTbl) and the first condition (|10a|) , we see (in Appendix) 
that ( |10b|) is equivalent to 

SR(^«) = di{N)E"' + \e-^e\N&''djEi + Ar^3fJ(^^). (11) 

From this expression we see that the second triad reality condition restricts the three 
components of "triad lapse" vector A^. Therefore (11) is not a restriction on the dy- 



namical variables {A'^ and ED but on a part of slicing, which we should impose on each 
hypersurface. Thus the second triad reality condition does not restrict the dynamical 
variables any further than the second metric condition does. 



"This "triad lapse" is named by A.Ashtekar in private communication. 



4 Solving the constraint equations 

The equations we need to solve for A"; and i?* are the constraints (H), (|5bD , and the 
reahty conditions (||), ( |10a| ). CD J solved Ch and Cm by introducing new variables. These 
reduced the 36 (real) independent components of A^ and to 28, or in CDJ's variables 
the 18 (real) independent components of ipab are reduced to 10 (a symmetric and traceless 
tensor), which corresponds to Weyl curvature ^'j. These are again restricted by Co and 
the reality condition. 

In contrast to CDJ's method, we make an alternative treatment of the gauge constraint 
( ^ and the second metric reality condition (j^). For convenience, we assume that E^ is 
real. This assumption ( |10a| ) restricts our choice of triad, but this constraint is not difficult 
to satisfy. We introduce the connection with double internal indices (note that here we 
do not use the densitized triad), 

:= A'^E"', (12) 

and express all the constraints with (^4"*, ED as the basic pair of variables. The real part 
of Cg gives 

3fJ(C^) = d^E'"" + eYQ{A'l)El = diE'"" + ee\,QiA^') = 0, 

where e E. Thus the imaginary and anti-symmetric part of A""^ is determined 

from 

2e 

The imaginary part of Cg gives 

%C^g) = -er'it{A^)El = -ee\MA'') = 0- 
Thus the real and anti-symmetric part of A"''^ is 

SR(^H) = 0. (14) 

Thus we have confirmed that the 6 real constraints of Cg are automatically satisfied if we 
impose (|13D and ([T|). 

Next the second metric reality condition (^ becomes 

lyij = h^e^b^E^EldkEl + e^^'E^EidkEi + 2Ei&''Q{A\) - 2EIeIQ{A^^''^)] = 0. 
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Thus the imaginary and symmetric part of A is 



where ef is the inverse of i?* . From these expressions, we see that (|5q ) and (|g) are satisfied 
if and only if A"''^ satisfies (pTSD, (|14D and (plSf), after assuming ( |10a| ). We note that the 
imaginary part of A""^ consists of the triad and its spatial differential and that the real 
part of A"'^ is symmetric. 

These results become clearer if we compare ^{A"''^) and the extrinsic curvature Kij 
through the definition of A";, (H). From (||) we derive 

SR(^"*) = -K,jE'^E^\ (16a) 
-s{A''') = -\e\,u:fE^. (16b) 

Since the extrinsic curvature is symmetric, we see 3fJ(^"^) is also symmetric [ (|16a|) ]. After 



some calculation, we can see that (|16b|) is equivalent to (0) and (pISl). Moreover, we find 
from (0) that 



^ bc„a 



i-j '^i jo, i^ahc^i , 

SO the reality of the extrinsic curvature, '^{Kij) = 0, is equivalent to ( |16b|) . Consequently, 
^{Cg) = [(|13|)] and W^^ = [(|1^)] indicates that the extrinsic curvature is real and 



^{Cg) = [ ([T^) ] indicates that the extrinsic curvature is symmetric. 

When one has solved the 12 equations Cg = and W^^ = for the 27 variables 
(complex) and i?*(real), 15 degrees of freedom remain. Introducing A"'^ clarifies this 
remaining freedom; these are 6 degrees of freedom for 9f?(^("^^) and 9 for i?*. Our task is 
now reduced to solving the other constraints ( |5aD and ( |5E| ) for the variables ^{A^^''^) and 

In terms of ^{A^""^^) and -E*, the constraints are given by substituting (|13|), ([T^) and 
(P!3|) into ( |5a| ) and (§^). Then we see 3(Ch) = and '^{Cm) = are automatically 
satisfied 0, thus the equations which we need to solve are just four equations; 

5R(Ch) = e[e,,^El{dJ'^') + ^e,,^E^^^^^^ 

^{CMi) = e[-9,i?+e,,E^9,i?^"-^eJ(9iE^)i? + e,e(9,^^)i?^^ 



+ ^E^ei^e1idkm)R'" - E^etejMEDR"' - ebcdcR'"'' r%a] ~ (17b) 

where i?"'' = 3?(^"'') = 3?(^("'')), = R = R\ and I = I\. These are 

equivalent to the scalar and vector constraints in ADM formulation. 
The Poisson bracket for this pair of the variables becomes 

{K{x).Ei{y)} = 0, (18a) 
{A'^\x),El{y)} = z-^E^\x)6:6{x-y), (18b) 
{A^\x),A'\y)} = 0. (18c) 

We expect that our variables are convenient for expressing the data on each hypersurface 
if we impose a reality condition. However, we remark that, like CDJ's variable, our 
variables (3ft(^('^'')), E^) are not canonical. Therefore, when we describe the equations of 
motion of our variables, we transform those of canonical pair [e.g., (^) and (|6E|)] into ours. 
Also note that the formulation is not polynomial. Consequently, our full set of equations 
consists of four constraint equations (|17a)) , ( |17b|) [together with definitions (|T3D , (|14[) and 
(p^)], and the equations of motion (|6a]), (|6E|). 

5 Discussion 

We have studied the S'0(3)-Ashtekar formulation from the point of pursuing the dynamics 
of spacetime, using evolutions of time-constant slices. We examined the difference between 
the reality conditions on the metric and on the triad, and demonstrated that the latter 
condition restricts a part of the gauge freedoms [3fJ(^o)]- When we apply this condition in 
time evolution problems (based on 3+1 decompositions), this restriction of gauge variables 
must be imposed at every time step. Having assumed the triad reality condition, we 
find a new variable, allowing us to solve Cg and the reality conditions simultaneously. 
Our variable clarifies the meanings of the additional constraint and the second reality 
condition, which express the reality and symmetry of the extrinsic curvature. 

Let us now compare our variables and CDJ's. CDJ's ipab is expressed by the Weyl 
scalar \l/ j in the Newman-Penrose formulation [^ , so that ipab has the same true degrees of 
freedom as the gravitational curvature. While our variable A""^ is a "connection" , using it 
instead of A^ shows us the physical significance of the gauge constraints and the second 
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reality condition. In CDJ's method, the remaining tasks are to solve the gauge constraints 
and the reality conditions for A"^ and "^ab, note that this is not simple in the CDJ variables. 
In our method, we have only 4 equations to solve, as opposed to 21 equations in CDJ's. 

A practical application of this variable is expected to arise in numerical relativity. 
Recently, Salisbury et al proposed the use of CDJ formulation to numerical relativity, in 
which they expect to improve the boundary conditions for gravitational waves. We are now 
preparing a new approach to numerical treatment of gravity, by combining our connection 
formulation together with the ADM, Ashtekar and CDJ formulations to express data on 
the 3-hypersurfaces. We expect that we can give new procedures in evolving data, fixing 
slicing conditions and/or including gauge field. Such a formulation and simulations will 
be presented elsewhere [|]. 

We thank R. Easther for a careful reading of our manuscript. This work was supported 
partially by the Grant-in- Aid for Scientific Research Fund of the Ministry of Education, 
Science, Sports and Culture No. 07854014 and by a Waseda University Grant for Special 
Research Projects. 
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Appendix Details of the reality conditions 

In this appendix, we derive the second metric reahty condition and the second triad 
reahty condition ([TT|), and show that 53[9t(deti?)] = is automatically satisfied. 

First we derive the second metric reality condition (^. We start from its original 
definition (ffbl), 

Using the equation of motion ( [6BD and gauge constraint (0), we have 

EiE^"- = [-iVk{t''^''NElEi) + Vk^N'^E'") - Vki^N^E^") - iA\t^''^ Ei]E{ 
= [-ie'''^Vk{N)E'^Ei - ie^'^'^NE^VkiEi) + Vk{N'')E''' 
+N^Vk{E'^) - Vk{N')E'"' - lA^e.^'E^Ei, 

giving 

i(i^^j> = -ie'^''NE^Vk{El')Ei^ + dk{N'')Ei&^ + N''Vk{El')&^^ - E%{N^')E^^''. 

Thus we obtain 

!3(Ei*E^>) = -^[e''"'NE'MEl')Ei>] + ^'^[N^dkiKEn] 
= -Ne^'^^[E',V,{Ei')Ei\ 



where we use the metric first reality condition ([7al) . The vanishing of this gives (|g). □ 

Second, we show that $5[9j(det£')] = is automatically satisfied when we assume the 
first density reality condition deti? > 0. We have 

dtidetE) = \e.,ke^'^mek 



-e,,,e'^'^^E':[-te'^\Vi{N)&M ' ^e^\N&MEl) 



1 

+Vi{N')K + N'VliK) - 'Di{N^)E[ - iA\e,:El] 
= y,,,e^''^&,E^[-te^\N&MEl) + m')K + N^^AK) - dimE[] 
where we use the gauge constraint again. The first term becomes 



leNejE^'ViEl 



= ieNetelE[ViEl 
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Now we have 

Since this vanishes by the second metric reahty condition, we see that the imaginary part 
of the first term is zero. Thus we have 

= '^[3e^di{N') + N'diie^) - e^di{N')] = 0, 

where we use the assumption deti? = > 0. Thus the second condition is automatically 
satisfied. □ 

Next we show the second triad reality condition is written in the form of (|TTp when 
we assume the second metric reality condition (|7b| ) and the first triad reality condition 
'^{ED = 0. Since E^^ is non degenerate, there exists Pab such that 

'^{Ei) = PatE'K 

Using the metric second reality and the first triad reality, we have 

= S(£'i')E^> = Pa^El'&^'' = P(^ab)E'^&'' 

which implies P(^ab) = 0. Thus the second triad reality conditions is equivalent to P[ab] = 0. 
Let us derive Pab- 

Pab = e-i3(i^)eib 

= e-'e,,^[-tV,ie'^'^NEiE^,) + 2V,{N^^Ej) + lA^^eJE^] 

= e-'e,,'^[-ie'^\d,{N)EiE^, - ie^\NEi{d,E\ - lejA^^E}) + d,{N^)El 

+N={d,El - lejA'^^E)) - d.mEi + ^X^a.^^ 
= e-'e4-e^'ad,{N)EiK ' e^'aNE^d^E^, - e^\NEleJ-s{A])E) 

-N^eJ^{A^^)E} + ^{Ai)eJEl] 
= -e\ad,{N)Ei - e-'e.,e^\NEld,E], - NEl%A,a) + iVE^ 53(^,^)5'^^ 
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Thus P[ab] = becomes 

= 2dj {N)&^ - e-^elNEidjE'" + e-^elNE^^djEl - e'^^'^NEl^Aja) 

+2Nm{A''^) - 2'^{Al) 
= 2dj{N)&^ - N^{ViE'') + e-\\N&''djEi + 2N^lk{A'^) - 2'^{Al) 
= 2dj {N)E^^ + e-^e\NE^^djEi + 2Nm{A''^ - 2'R{Al) 



This last equation vanishes, giving (O). □ 
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